Photonic cat states stored in high-Q resonators show great promise for hardware efficient universal quantum computing. We propose an approach to efficiently prepare such cat states in a Kerrnonlinear resonator by the use of a two-photon drive. Significantly, we show that this preparation is robust against single-photon loss. An outcome of this observation is that a two-photon drive can eliminate undesirable phase evolution induced by a Kerr nonlinearity. By exploiting the concept of transitionless quantum driving, we moreover demonstrate how non-adiabatic initialization of cat states is possible. Finally, we present a universal set of quantum logical gates that can be performed on the engineered eigenspace of such a two-photon driven resonator and discuss a possible realization using superconducting circuits. The robustness of the engineered subspace to higher-order circuit nonlinearities makes this implementation favourable for scalable quantum computation. Keywords: Cat-states, parametric amplifiers, cat-codes, quantum computing
INTRODUCTION
Characterized by photon-photon interaction, Kerrnonlinear resonators (KNR) display very rich physics and are consequently the focus of much theoretical and experimental work [1] . These nonlinear oscillators exhibit bifurcation [2] , can be used to generate squeezed radiation and for quantum limited amplification [3, 4] , and have been proposed as a resource for quantum logic [5] . Moreover, a KNR initialized in a coherent state evolves to a quantum superposition of out-of-phase coherent states, also known as a cat state [6] . In practice, Kerr nonlinearities K in atomic systems are, however, often small in comparison to photon loss rate κ [7] , making the observation of these non-classical states of light difficult. As an alternative approach, strong photon-photon interaction can readily be realized in superconducting quantum circuits, with K/κ ∼ 30 demonstrated experimentally [8] . This has led to the observation of cat states in the transient dynamics of a KNR realized by coupling a superconducting qubit to a microwave resonator [8] . These photonic cat states play an important role in understanding the role of decoherence in macroscopic systems [9] , in precision measurements [10] and are useful for quantum computation [11, 12] . However, because of their sensitivity to undesirable interactions and photon loss, high-fidelity preparation and manipulation of these states is challenging.
To address this problem, new ideas building on engineered dissipation and taking advantage of the strong nonlinearities that are possible with superconducting circuits have recently been explored theoretically and experimentally [13] [14] [15] [16] [17] [18] . One such approach, known as the qcMAP gate, relies on the strong dispersive qubit-field interaction that is possible in circuit QED [19] to transfer an arbitrary state of a superconducting qubit into a multi-legged cat state [13, 15, 17] . This method is, however, susceptible to single-photon loss that decoheres the cat. This loss also reduces the amplitude of the cat, something that must be compensated for by re-pumping in order to avoid significant overlap between the coherent states [13, 15] . A second approach exploits engineered two-photon dissipation realized by coupling a superconducting qubit to two microwave cavities [14, 20] . In the absence of single-photon loss, the steady-state of the field is a cat state whose parity depends on the initial number state of the field. To preserve coherence of the cat, an important experimental challenge is that the rate of single-photon loss must be much smaller than the rate of two-photon loss.
In this paper we propose an experimentally simple alternative approach to encode and stabilize cat states based on two-photon driving of a KNR. This method takes advantage of the fact that the coherent states |±α and, consequently the cat states |C ± α = N ± α (|α ± |−α ) with N ± α = 1/ 2(1 ± e −2|α| 2 ), are degenerate eigenstates of the KNR under two-photon driving. Remarkably, this property holds true even in the presence of single-photon loss making this protocol particularly robust and obviating the need for energy re-pumping. Moreover, in contrast to the above-mentioned scheme, cat state preparation with this approach does not require dissipation but rather relies on adiabatically turning on the two-photon drive, the number state |0/1 evolving into |C +/− α(t) . We find that the fidelity of this preparation approaches unity when the Kerr nonlinearity K is large with respect to the photon loss rate κ, something that is easily realized in current circuit QED experiments. By exploiting the concept of transitionless quantum driving, we show that rapid, non-adiabatic cat state preparation is possible by controlling the amplitude and phase of the two-photon drive [21] .
While large Kerr nonlinearities can be used to produce cat states, it also leads to undesired deformations of these states [6, 8] . This deformation is problematic for qubit-based schemes because of the spurious Kerr nonlinearity inherited by the field from the qubit [22, 23] . This affects, for example, the qcMAP protocol where the qubit-induced Kerr nonlinearity leads to undesirable phase evolution and distortion of the cat state. Although this deterministic phase evolution can be corrected with qubit-induced-gates, this exposes the field to the decoherence channel of the qubit [24] . Moreover, in the presence of photons loss, this phase evolution leads to nondeterministic phase errors [18] . We show how the addition of a two-photon drive of appropriate amplitude and phase during the qcMAP cancels this distortion and the corresponding dephasing.
Taking advantage of the engineered subspace of a twophoton driven KNR, we consider a universal set of gates for an encoding where the coherent states {|+α , |−α } are mapped to the logical states {|0 , |1 }. This mapping is possible because of the quasi-orthogonality of coherent states for large α [14] . We show that high-fidelity operations can be realized with realistic parameters. Finally, we discuss realizations based on superconducting Josephson parametric amplifiers which allow the implementation of a two-photon drive along with a Kerr nonlinearity. This simple setup is attractive for building a large scale quantum computing architecture.
RESULTS
Our starting point is the two-photon driven KNR Hamiltonian in a frame rotating at the resonator frequencyĤ
In the above expression, K is the amplitude of the Kerr nonlinearity and E p the amplitude of the two-photon drive. The above Hamiltonian, known as the Cassinian oscillator Hamiltonian [25] , can be re-written aŝ
This form of the Hamiltonian illustrates that the two coherent states |±α with α = (E p /K) 1/2 , which are the eigenstates of the annihilation operatorâ, are also degenerate eigenstates of Eq. (1) with energy |E p | 2 /K. Equivalently, the even-odd parity states |C ± α are also the eigenstates ofĤ 0 . This argument can be generalized to Hamiltonians of the form −Kâ †nân +(E pâ †n +E * pâ n ) that have a set of n coherent states as degenerate eigenstates (see Methods). In the presence of single-photon loss, the resonator state evolves according to the master equationρ = −i(Ĥ effρ −ρĤ † eff ) + κâρâ † , with the non-Hermitian effective HamiltonianĤ eff =Ĥ 0 − iκâ †â /2 [26] . While the steady-state of this master equation can be obtained analytically [27, 28] , it is simple to show (see Methods) that for κ/8|Kα 
, tan 2θ 0 = κ
This reduces to the eigenstates ofĤ 0 in the absence of photon loss. The angle θ 0 is determined by E p , with θ 0 < 0 (θ 0 > 0) for E p > 0 (E p < 0). The last term of the master equation, κaρa † , induces nondeterministic quantum jumps between the even and the odd parity cat states, |C + α0 and |C − α0 , leading to decoherence, but not to leakage out of the degenerate subspace {|C ± α0 }. In steady-state, the density matrix therefore takes the form ρ s = (|α 0 α 0 | + |−α 0 −α 0 |)/2 [27, 28] (see Methods). Figure 1 shows the steady-state Wigner function for κ/8|Kα 2 0 | ∼ 1/4 and ∼ 1/16 obtained by numerical integration of the master equation [29, 30] . Even for the relatively large value of κ/8|Kα 0 | 2 ∼ 1/16 shown in panel a), the steady-state approaches the ideal caseρ s with a fidelity of 99.91%. As expected and evident from Fig. 1(b) , the coherent states are deformed at the larger value of κ/8|Kα 0 | 2 ∼ 1/4 and the fidelity with respect to the ideal steady state is reduced to 96.55%. These numerical results confirm that, even in the presence of single-photon loss, it is possible to confine the state of the resonator to the manifold of coherent states |±α 0 . Although the photon loss channel remains the dominant source of error, the resonator can also have small amount of dephasing noise, which can cause jumps between |α 0 and |−α 0 . With this bit-flip rate decreasing exponen-tially with α 0 [14] (see also Supplementary Information S2), this channel is neglected here.
Adiabatic initialization of cat states:
Going beyond steady-states, we now describe a protocol to deterministically prepare cat states. The vacuum |n = 0 and the single-photon Fock state |n = 1 are the two-degenerate eigenstates of the undriven KNR. Under the application of a time-dependent two-photon drive E p (t), the instantaneous eigenstates of the system are the degenerate states |±α 0 (t) (or equivalently |C ± α0(t) ), where α 0 (t) is given by Eq. (3). Since the two-photon drive preserves parity, under adiabatic increase of E p (t), the vacuum state |0 evolves to the even parity cat state |C + α0(t) while the single-photon Fock state evolves to the odd parity cat state |C − α0(t) (see Supplementary Information S3 for the evolution of the energy spectrum). To demonstrate this deterministic preparation, we take as an example
to satisfy the adiabatic condition. Without photon loss, the fidelity of the resulting cat state at t = 6.5/K is 99.9% while for K/κ = 250 [31] the fidelity at t = 6.5/K is reduced to 98.3%.
High-fidelity nonadiabatic initialization:
To speed up the adiabatic preparation described above, we follow the approach of transitionless driving [21, 32, 33] . This technique relies on introducing an auxiliary counter-adiabatic Hamiltonian,Ĥ (t) = i[|ψ n (t) ψ n (t)| − |ψ n (t) ψ n (t)|], chosen such that the system follows the instantaneous eigenstate |ψ n (t) of the system HamiltonianĤ 0 (t) even under nonadiabatic changes of the system parameters. This idea has been experimentally demonstrated with Bose-Einstein condensates in optical lattices [34] and nitrogen vacancy centres in diamonds [35] . Here, to prepare the even parity catstate |C + α0(t) , the required counter-adiabatic Hamiltonian isĤ
While exact, this does not correspond to an easily realizable Hamiltonian. It can, however, be approximated to (see Methods),
which can be implemented with an additional two-photon drive orthogonal to E p (t). As an illustration of this 
, where α0(t) = Ep(t)/K. The Wigner function is plotted at time t = 1.37τ , with τ = 1/K, E 0 p = 4K. Without the auxiliary drive E p the non-adiabatic driving of the system results in an imperfect cat state. However, the auxiliary drive induces counter-adiabatic terms, resulting in near perfect initialization of the cat state. At t = 1.3τ , the fidelity with respect to |C + 2 is 99.9% for κ = 0 and 99.5% for K/κ = 250.
method, we reconsider the example presented in the previous section now with the much shorter evolution time of τ = 1/K. As shown by the Wigner function in Fig. 2(a) , without the additional two-photon drive of Eq. (5), the state at time t = 1.37/K is highly distorted. On the other hand, and as illustrated in Fig. 2(b) , initialization with the appropriate auxiliary orthogonal two-photon drive leads to cat-state fidelities of 99.9% with κ = 0 and 99.5% with κ = K/250. In other words, we find that the protocol is made ∼ 5 times faster by the addition of the orthogonal drive, thereby improving the fidelity in the presence of single-photon loss. These results, obtained with the analytical expression of Eq. (5), can be further improved upon using numerical optimal control [36] . For example, using the approach recently described in Ref. [37] , we find that cat states can be initialized in times as short as 0.3/K with fidelity 99.995% (see Supplementary Information S4). Adiabatic cat state preparation with twophoton driving was also investigated in a noiseless idealized KNR [38, 39] . These previous studies lack the crucial examination of eigenspace distortion that arise, as will be discussed below, during gate operations and fall short of accounting for higher-order nonlinearities that exist in realistic physical implementations.
Realization with superconducting circuits:
One standard approach to realize a two-photon driven Kerr-nonlinear resonator is to terminate a λ/4 microwave resonator with a flux-pumped SQUID, a device known as a Josephson parametric amplifier [40] [41] [42] (see also Supplementary Information S5). The non-linear inductance of the SQUID induces a Kerr nonlinearity and a twophoton drive is introduced by the modulation of the fluxpump at twice the resonator frequency. As an illustrative example, with a realistic JPA Kerr-nonlinearity of K/2π = 750 KHz it is possible to encode a cat state with α 0 = 2 in a time 0.3/K = 63.6 ns using the transitionless driving approach with numerically optimized pulse shape. We have, moreover, simulated the cat state initialization protocol under the exact Hamiltonian of a JPA including the full Josephson junction cosine potential. As discussed in the Supplementary Information S5, the results are essentially unchanged showing that the strong state confinement to the coherent states |±α 0 is also robust against higher-order nonlinearities that will arise in a circuit implementation of these ideas. An alternative realization of the two-photon driven KNR is based on a 3D microwave cavity coupled to a Josephson junction. The non-linear inductance of the junction induces a Kerr nonlinearity, while a microwave drive on the junction at the 3D cavity frequency introduces the required two-photon drive [14, 20] .
We note that the engineered dissipation approach of Refs. [14, 20] also relies on a two-photon drive to achieve confinement to the subspace of two coherent states with opposite phases. There, the two-photon drives is used to induce two-photon loss at a rate κ 2ph . This rate must be made large with respect to the single-photon loss rate κ for high fidelity initialization of cat states, something which is challenging experimentally. In contrast, the present approach does not rely on dissipation but rather takes advantage of the large Kerr-nonlinearity K that is easily realized in superconducting quantum circuits. Even in the presence of two-photon loss, robust confinement is obtained if K > κ 2ph , a condition that is easily satisfied in practice.
Stabilization of cat states against Kerr induced rotation and dephasing:
Even with high-fidelity cat state preparation, it is important to limit the unwanted phase evolution and dephasing arising from Kerr nonlinearity and single-photon loss. We now illustrate, with two examples, how a twophoton drive of appropriate amplitude and phase can correct this unwanted evolution. First consider a resonator deterministically initialized to |C + α . Figure 3 (a-c) illustrates the evolution of this initial state in the absence of two-photon drive. Kerr nonlinearity leads to deterministic deformation of the state [6, 8] which, in the presence of single-photon loss, also induces additional dephasing. This results in a reduction of the contrast of the Wigner function fringes, a reduction of the separation of the cat components and a broadening of these components. As a result, the fidelity of |C ± α decreases faster in a KNR than in a linear resonator (see Supplementary Information S9). While the deterministic phase rotation can be accounted for and corrected in a simple way, this is not the case for Kerr-induced dephasing [24] . Kerr-induced rotation and dephasing by the application of a two-photon drive. This drive is chosen such that its amplitude E p satisfies Eq. (3). The confinement in phase space provided by the two-photon driven KNR prevents amplitude damping of the stabilized coherent states |±α 0 . As a result, the cat state fidelity in this system decreases more slowly in time that in a linear resonator. As a simple extension, we also find that it is possible to stabilize coherent states against Kerr-induced rotation and dephasing (see Supplementary Information S1). These somewhat counterintuitive results shows that, even in the presence of loss, a Gaussian drive (i.e. two-photon drive) can completely remove the highly non-Gaussian effect of a Kerr nonlinearity.
As a second example, we consider the qcMAP gate for cat state preparation, a protocol that relies on the strong dispersive qubit-resonator interaction that is realized in circuit QED [13] . In practice, this strong interaction is accompanied by a qubit-induced Kerr nonlinearity of the field [22, 23] . As a result, even at modest α, cat states suffer from deformations [15] . This effect is illustrated in Fig. 4(a,b) which shows the cat state obtained from qcMAP under ideal dispersive interaction (ignoring any Kerr nonlinearities) and under the full Jaynes-Cummings Hamiltonian, respectively. Distortions are apparent in panel b) and the fidelity to the ideal cat is reduced to 94.1%. In contrast, Fig. 4(c) shows the same Wigner function prepared using the qcMAP protocol with the full Jaynes-Cummings interaction and an additional twophoton drive. The resulting fidelity is 99.4%, approaching the fidelity of 99.8% obtained under the ideal, but not realistic, dispersive Hamiltonian. The amplitude of the two-photon drive was optimized numerically to take into account the qubit-induced Kerr nonlinearity (see Supplementary Information S10). 
Universal quantum logic gates:
Following the general approach of Ref. [14] , we now turn to the realization of a universal set of gates in the two-photon driven KNR. Taking advantage of the quasiorthogonality of coherent states for large α, both the {|C ± α0 } and the {|±α 0 } basis can be used as logical states. Here, we choose the latter which we will now refer to as {|0 , |1 }. With this choice, a logical Z rotation can be realized by lifting the degeneracy between |0 and |1 using a single-photon drive in combination toĤ 0 :
| and E p real, the only effect of this additional drive is to lift the degeneracy by δ z = 4E z α 0 (Supplementary Information S6). Indeed, in the space spanned by {|0 , |1 }, the single-photon drive Hamiltonian can be expressed asĪE z (â † +â)Ī = δ zσz /2,
Numerical simulations of this process for a time τ = 1/δ z , corresponding to the gateRz(π), with the resonator initialized to |C + α0 and the choices E p = 4K, E z = 0.8K leads to a fidelity of 99.9% with κ = 0 and 99.5% for K/κ = 250. Increasing E z , so that the condition |E z | |4Kα 3 0 | is no longer satisfied, distorts the eigenstates and as a consequence the fidelity of the gate decreases. The dependence of the gate fidelity on the strength of the single photon drive is examined further in Supplementary Information S8. A similar scheme for single-qubit rotation has been proposed for resonators with engineered two-photon loss [14] . However, this requires the drive strength to be significantly smaller than the two-photon loss rate which is typically of the order of 50 − 100 kHz [20] , thereby leading to long gate times.
The strong state confinement resulting from the twophoton driven KNR prevents population transfer between the two logical states, making it difficult to implement X rotations. One approach to implementRx(π/2) is to temporarily remove the two-photon drive and let the state evolve under the Kerr Hamiltonian [14] . Alternatively, an arbitraryRx(θ) can be realized by introducing a detuning between the two-photon drive and the resonator corresponding to the HamiltonianĤ
2 ), corresponding to the gatê Rx(π/2), leads to a fidelity of 99.7% for κ = 0 and 98.6% for K/κ = 250 with E p = K and δ x = K/3. Similarly to the Z rotations, the fidelity of the X gate also decreases if the condition δ x 2E p is not met (see Supplementary Information S8).
To complete the set of universal gates, an entangling gate between the field stored in two distinct resonators, or alternatively two modes of a single resonator, is needed. From the discussion on theRz(θ) gate, it follows that aσ z1σz2 interaction between the two fields is obtained by linearly coupling the two-photon driven KNRs, the Hamiltonian now readingĤ zz =Ĥ 01 +Ĥ 02 + E zz (â † 1â 2 + a 1â † 2 ). To simplify the discussion, the two resonators are assumed to be identical withĤ 0i = −Kâ †2 iâ 2
. Expressed in the logical basis, the bilinear coupling Hamiltonian takes the desired form δ zzσz1σz2 , with δ zz = 4E zz |α 0 | 2 . In order to demonstrate this gate, we simulate the master equation underĤ zz with the resonators initialized to the product state |C + α0 ⊗ |C + α0 and E p = 4K, E zz = K/5. As expected, the initial product state is transformed to the maximally entangled state (|0,0 +i|0,1 +i|1,0 +|1,1 )/2 at t = π/2δ zz with fidelity F = 99.99% for κ = 0 and F = 94% for K/κ = 250. Supplementary Information S8 examines the fidelity dependence on the strength of the two-photon drive. Similar approaches for Z rotations and entangling gate have been presented before [39] , however without the crucial analysis of the restrictions on the amplitude of the singlephoton drive and strength of the single-photon exchange coupling.
DISCUSSION
To summarize, we have shown that, in the presence of a two-photon drive, the eigenspace of a KNR can be engineered to be two out-of-phase coherent states that are robust against single-photon loss. This quantum state engineering offers a practical way to correct the undesirable effects of Kerr nonlinearity in applications such as the qcMAP gate. We have also described protocols for fasthigh fidelity initialization and manipulation cat states for quantum information processing. This approach offers significant improvements over previous techniques based on dispersive qubit-resonator interactions or reservoir engineering. These results suggest a minimal approach to prepare and manipulate cat states of the field of a microwave resonator using only a Josephson parametric amplifier and are of immediate practical importance for realization of a scalable, hardware efficient platform for quantum computation. Furthermore, the observation that n coherent states are the degenerate eigenstates of the HamiltonianĤ = −Kâ †nân + E p (a †n + a n ) provides an approach for initializing n-component cat states. Such a Hamiltonian could be implemented with a JPA, in which the cosine potential of a Josephson junction supplies the required nonlinearity and flux modulation through the SQUID loop at n−times the resonator frequency triggers the n-photon drive. Our work opens new directions for the JPA as a powerful device for implementing quantum algorithms based on multi-component cats.
METHODS
Eigenstates of the n-photon driven Hamiltonian:
Consider the Hamiltonian
The second form makes it clear that the coherent state |α with α n − E p /K = 0 is an eigenstate ofĤ n . Thus, in general, there are n coherent states that are the degenerate eigenstates ofĤ n with energy |E p | 2 /K.
Effective Hamiltonian and steady-state:
Under single-photon loss, the system's master equation takes the form [26] 
where we have dropped the constant term
that represents a shift in energy of the non-Hermitan effective Hamiltonian. We take α 0 to satisfy
such as to cancel the first line ofĤ eff which now readŝ
Eq. (9) is satisfied for α 0 = 0, ±r 0 e iθ0 where
For α 0 = 0, the first two terms of Eq. (10) represent a near resonant parametric drive of strength E p . This results in large fluctuations making the system unstable around α 0 = 0. On the other hand, for α 0 = ±r 0 e iθ0 , the displaced effective Hamiltonian can be rewritten aŝ
The first two terms of Eq. (12) now represent a parametric drive whose amplitude has an absolute value of κ/2 and is detuned by 4K|α 0 | 2 + iκ/2 ≈ 4K|α 0 | 2 . In other words, the effect of single-photon loss κ is to squeeze the field around α 0 = ±r 0 e iθ0 leading to increased quantum fluctuations. For κ 8K|α 0 | 2 , the resulting fluctuations are, however, small and |0 remains an eigenstate in the displaced frame. This implies that, back in the lab frame, |±α 0 are the degenerate eigenstates ofĤ eff . As a result,ρ s = (|α 0 α 0 | + |−α 0 −α 0 |)/2 is a steady-state of Eq. (7). It is, moreover, the unique steady-state of this system since only the two eigenstates |±α 0 of the effective Hamiltonian are also invariant under the quantum jump operatorâ [43] . Following the analysis here, it is also possible to characterize the effect of, for example, single-photon drive, detuning, etc (see Supplementary Notes).
Cat state decoherence under single-photon loss:
In the previous section, we saw that the coherent states |±α 0 are eigenstates of the two-photon driven KNR even in the presence of single-photon loss. However, this loss channel results in decoherence of superpositions of these two states, i.e. of cat states. Indeed, the last term of the master equation Eq. (7) Consider the exact Hamiltonian in Eq. (4) required for transitionless quantum driving. At short times t ∼ 0, we have that α 0 (t) ∼ 0 and as a result |C + 0 ∼ |n = 0 and |C
On the contrary, at long time the coherent states become quasi-orthogonal and a single photon jump leads to the transition between even and odd photon number cat states. This suggests that if α 0 (t) 1, it is possible to approximate
in the restricted coherent state basis. Therefore, in order to reconcile both short and long time behaviour, we choose, 
I. STABILIZATION OF COHERENT STATES IN A TWO-PHOTON DRIVEN KNR
In the manuscript (section Methods) it was shown thatρ s = (|α 0 α 0 | + |−α 0 −α 0 |)/2 is the unique steady-state of a two-photon driven KNR. It is worth pointing out that, although this is the unique steady-state, the time for the system to reachρ s can approach infinity as |α 0 | increases because −α 0 |α 0 = exp(−2|α 0 | 2 ) ∼ 0. As a result, a system initialized in the state a|α 0 + b|−α 0 will evolve to |a| 2 |α 0 α 0 | + |b| 2 |−α 0 −α 0 | only after a long time t 1/κ if α 0 is large.
As a corollary to the above discussion, we find that the two-photon driven KNR initialized to either of the coherent states |±α 0 , remains in that state even in the presence of single-photon loss, as long as α 0 satisfies Eq. (11) in the main text and κ 8K|α 0 | 2 . This is illustrated in Fig. S1 , which shows the Wigner function obtained by numerical integration of the master equation for the system initialized to the coherent state |α 0 without [ Fig. S1 (a-c)] and with [ Fig. S1(d-f) ] two-photon drive. We note that all simulations in this work were carried out with a standard master equation solver [1, 2] and with Hilbert space size large enough to ensure negligible truncation errors. For example, simulations with |α| = 1, 2, 4 were carried out with a Hilbert space size of N = 20, 40, 80 respectively.
II. EFFECT OF PHOTON DEPHASING AND TWO-PHOTON LOSS
In the main paper, we have not taken into account resonator dephasing and two-photon loss as they are typically negligible compared to single-photon loss. However, to complete the analysis we briefly discuss their effects here.
A. Photon-dephasing
To take into account dephasing at a rate κ φ , the master equation takes the forṁ
This effective Hamiltonian is equivalent to the effective Hamiltonan when κ φ = 0 but with a Kerr nonlinearity K − iκ φ /2 and single-photon loss κ φ . Following the derivation in the second section we find that the amplitude α 0 must now satisfy
For κ φ 4K|α 0 | 2 , the coherent states |±α 0 are again the degenerate eigenstates of the system. The action of the third term in the above master equation,â †â ρâ †â , it to flip the state of the resonator from |α 0 to |−α 0 and vice-versa at a rate of κ φ |α 0 | 2 e −2|α0|
2 .
B. Two-photon loss
Two-photon loss, the process in which the system looses pairs of photons to the bath, often accompanies non-linear interactions [3] . However, ordinarily, the rate of two-photon dissipation is small. The master equation in the presence of such a loss (with rate κ 2ph ) takes the forṁ
whereĤ eff =Ĥ 0 − iκ 2phâ †2â2 /2. This expression implies that two-photon loss effectively acts as a Kerr-nonlinearity of amplitude −iκ 2ph /2. As a result, the degenerate eigenstates of the effective Hamiltonian become |±α with α = E p /(K + iκ 2ph /2). The two-photon jump operator, given by the second term in the above expression, does not cause a phase-flip or spin-flip sinceâ
As a result, two-photon loss is, by itself, not detrimental to cat state preparation. However, this deterministic phase rotation, in addition to non-deterministic single-photon loss can lead to additional dephasing. With typical parameter such as the one described in the main body of the paper and in section V of the supplement, κ 2ph K and dephasing is therefore negligible.
III. EIGENSTATES AND EIGENVALUES OF THE TWO-PHOTON DRIVEN KNR
Here we numerically evaluate the eigenstates and eigenenergies of the time-dependent KNR driven by a two-photon processĤ
for t τ and τ K = 5. This particular time dependance was chosen to assure adiabaticity of the evolution. Other choices are possible and pulse shaping techniques could lead to fidelity increases. We also note that the sign of the Kerr nonlinearity as changed with respect to the main body of the paper.
We take K > 0 for which the ground states at t = 0 are the Fock states |0 , |1 with energy E 0 = E 1 = 0. Under adiabatic evolution, these degenerate ground states transform to the instantaneous eigenstates of the Hamiltonian, |C ± α0(t) for t > τ with energy E 0 = E 1 = −E p α 0 (t) 2 and α 0 = E p (t)/K. The eigenenergies of the ground, first and second instantaneous eigenstates are plotted in Fig. S2(a) . The figure also shows the simulated Wigner functions corresponding to the instantaneous eigenstates at different times. Note that if K < 0 the states |0 , |1 are excited states of the initial undriven Kerr Hamiltonian. However as the two-photon drive amplitude increases these states are slowly transformed to the eigenstates |C ± α0(t) , which are eigenstates but not necessarily the ground states ofĤ 0 (t). Figure S2(b) illustrates the time dependence of the eigenenergies and eigenstates when K < 0 and E 0 p = 4K. The eigenenergy spectrum illustrates that for adiabatic initialization of cat states in time τ , ∆ min τ 1. Here ∆ min is the minimum energy gap and, from Fig. S2 , ∆ min = 2K. It is possible to increase this gap and therefore speed-up the initialization by introducing a time-dependent detuning δ(t) between the two-photon drive and the bare resonator frequency. The initialization protocol is then carried out by increasing the two-photon drive strength and decreasing the detuning from δ(0) = δ 0 to δ(τ ) = 0. The detuning given by the Hamiltonian δ(t)â †â conserves parity at all times (that is, it does not mix the even and odd parity cat states) and increases the minimum energy gap during the adiabatic evolution, leading to a faster initialization. Consider for example a resonator subjected to the time-dependent Hamiltonian,Ĥ(t) = −Kâ
, with E 0 p = 4K, δ 0 = 1.7K and τ = 2K. The minimum energy gap during this evolution is ∆ min = 4.3K. At t = 0, the Fock states are the eigenstates, whereas at t = τ the eigenstates are the cat states |C ± α0(t) . We find that such a resonator initialized to 
vacuum evolves to the cat state |C + α0(t) at t = τ with a fidelity of 99.9% for κ = 0, and 99.3% for κ = K/250. If, on the other hand, δ 0 = 0 and the initialization is carried out in a time τ = 2K, then the cat state fidelity is reduced to 85.6% when κ = 0 and 84.9% when κ = K/250 because of non-adiabatic errors. As already mentioned, further speed-ups could be obtained by pulse shaping techniques.
IV. PULSE OPTIMIZATION WITH GRAPE
An implementation of the Gradient Ascent Pulse Engineering (GRAPE) algorithm [4] was used to design the pulse for fast cat state initialization using the non-adiabatic protocol described in the main text. Following the result of the main text, fast initialization is achieved by evolution under the time dependent HamiltonianĤ(t) =Ĥ 0 (t) +Ĥ (t), withĤ
Our GRAPE implementation allows the restriction of the two-photon drive E p,y to zero at the beginning t = 0 and end t = T of the protocol. The two-photon drive E p,x is restricted to 4K at t = T to realize a stabilized cat C + 2
at the end of the protocol. Furthermore, in order to allow only realistic drive amplitudes during the evolution, the pulse amplitude is restricted such that |E p,y |, |E p,x | < 6K. The resulting pulse, optimized to yield the cat state C + 2 at t = T = 0.3/K is shown in Fig. S3 . The fidelity of the resulting cat state is 99.95% and the time step is chosen so that the time-scale for the modulation of the drive amplitude is realistic (≥ 1 ns).
V. IMPLEMENTATION OF THE ENCODING SCHEME IN CQED WITH A JOSEPHSON PARAMETRIC AMPLIFIER
In this section, we present numerical simulations of the cat state preparation protocol with a Josephson parametric amplifier (JPA). The Hamiltonian of a lumped element JPA is given by [5] [6] [7] and φ 0 = /2e is the flux quanta while Φ(t) = Φ + δΦ(t) is the classical flux through the SQUID loop. In our simulations, this flux is modulated around Φ = 0.2φ 0 at twice the resonator frequency ω r , δΦ(t) = δΦ 0 (t) cos(2ω r t). In this expression, Φ 0 (t) represents the slowly varying envelope of the modulation. As already discussed, for cat state initialization, Φ 0 (t) is chosen to adiabatically change from zero to a maximum amplitude.
Fourth-order expansion to map to Cassinian oscillator Hamiltonian
As usual, to map the above Hamiltonian to the Cassinian oscillator with time dependent two-photon drive, we expand the cosine term to the fourth order and make the rotating wave approximation. The resulting Hamiltonian is [7] 
where we have defined
with E C = e 2 /C the charging energy. The strength of the two photon drive is governed by the amplitude of δΦ 0 . In practice, it cannot be made too large to avoid large change in the resonator frequency. As discussed in the main text, in order to encode an even parity cat state the resonator is initialized to vacuum state at t = 0, followed by an adiabatic increase in the two-photon drive amplitude. This is achieved by slowly increasing the amplitude of the flux modulation which, for simplicity, is here chose as δΦ 0 (t) = δΦ 0 × t/τ .
Exact simulation of the full Cosine potential
In order to account for higher-order effect or the rotating terms, we simulated the full Hamiltonian Eq. (S6) from t = 0 to t = τ with δΦ 0 = 0.04φ 0 . The Wigner function of the resulting density matrix at t = τ is shown in (15) and (16), the size of the cat state is related to α = E p /K ∝ (E J /E C ) 1/4 . As a result, initialization of large cat states requires large E J /E C . However, as this ratio is increased, higher-order terms become more important and can lead to reduction of the cat-state fidelity. Another consequence, as can be seen from Eq. (14), is that the frequency of the resonator ∝ √ E J E C must be at least a few GHz to avoid thermal excitations from the bath. Keeping this in mind, we have used in our simulation the experimentally realistic parameters: E C /2π = 1.5 MHz, E J /2π = 600 GHz so that the estimated frequency ω r /2π = 3.75 GHz, nonlinearity K/2π = 750 KHz and two-photon drive strength E p /2π = 3.7 MHz. From simulations of the full Hamiltonian, we find that the cat state |C + α with |α| 2 = 4.8 is realized in time t = τ = 26.67 µs with a fidelity of 99.4%. In other words, for these realistic parameters, the effect of higher-order terms appears to be minimal. Here and in the main paper, we have estimated fidelities using
We note that the rotation observed in Fig. S4 is due to the fact that this simulation was realized in the laboratory frame.
VI. EFFECT OF SINGLE PHOTON DRIVE
In this section, we analyze a two-photon driven KNR with an additional single-photon drive. To simplify the analysis, we take κ = 0. The Hamiltonian is given bŷ
where the phase of the single photon drive is defined with respect to the two-photon drive. Under a displacement transformation D(α 0 ) the Hamiltonian readŝ
representing a shift in energy. For the coefficient of theâ,â † terms to vanish, we take
such thatĤ
Following the derivation in the manuscript (Methods), |0 is an eigenstate ofĤ z except for the first term which represents an off-resonant parametric drive of strength |E z /2α * 0 |, detuned by 4K|α 0 | 2 . For |E z /α * 0 | 4K|α 0 | 2 , fluctuations around α 0 are small and |0 remains an eigenstate in the displaced frame. Again following the Methods section in the Manuscript, there are three solutions of Eq. (S18) which, for small E z , are of the form −α 0 + , and α 0 + where α 0 = E p /K and ∼ E z /4E p . Only two of these (α 0 + and −α 0 + ) satisfy the condition
The large quantum fluctuations around the third solution makes it unstable. As a result, in the laboratory frame, the eigenstates of the system are |α 0 + and |−α 0 + , where is a small correction ( → 0 for E z 4E p ). In other words, the single-photon drive only slightly displaces the coherent components of the cat. From the above expression of the energy E, it is however clear that the degeneracy between the eigenstates |α 0 + and |−α 0 + is lifted by an amount δ z = 4Re[E z α 0 ].
In the eigenspace spanned by |±α 0 , the single-photon drive can be written as
x . If E z and E p are real so that α 0 is real, then Im[E z α * 0 ] = 0 and hence the only effect of the single-photon drive is to lift the degeneracy between |±α 0 or the logical |0 and |1 .
VII. EFFECT OF DETUNING
In this section we analyze the effect of detuning the two-photon drive from the resonator. The Hamiltonian is given byĤ
Under a displacement transformation D(α 0 ) the new Hamiltonian readŝ
so that,Ĥ
Again, we follow the derivation outlined in the previous section to find that, if |δ| 2E p , then the eigenstates of the system are |±α 0 where α 0 = (2E p + δ)/2K. Because of the non-orthogonality of these states, the termâ †â has non-zero matrix elements α 0 |â †â
VIII. EVOLUTION DURING THE GATE OPERATIONS
In this section, we provide more details on the performance of the single qubitRz(θ),Rx(θ) and two-qubit gate. Fig. S5a) shows the probability for the system to be in the state |C − α0 under evolution of the system with H 0 +Ĥ z and single-photon loss for the system initially in |C + α0 . As expected, the probability shows a period of π/4E z α 0 . In the same way, Fig. S5b) shows the probability for the system to be in the |−α 0 state under evolution of the system with H 0 +Ĥ x and single-photon loss for the system initially in |α 0 . Again as expected, the probability shows a period of πe 2|α0| 2 /4δ x |α 0 | 2 . As we saw in sections VI and VI, the mapping of the eigenstates to the coherent states |±α 0 is valid only when E z 4K|α 0 | 3 and δ 2E p . As a result, the gate performance depends on E z /4K|α 0 | 3 and δ/E p . To demonstrate this, Fig. S5c) shows the probability of the system, initialized to |C + α0 at t = 0, to be in the state |C − α0 after a time T = π/4E z α 0 . The strength of the two-photon drive is fixed to E p = 4K and to take into account the errors induced only due to large E z we use κ = 0. Similarly, Fig. S5d) shows the probability of the system, initialized to |α 0 at t = 0, to be in the state |−α 0 after a time T = π/4δ|α 0 | 2 exp(−2|α 0 | 2 ), with E p = K and κ = 0. As the figures indicate, with increasing E z and δ the probability of achieving a perfect Z and X rotation decreases respectively. The small oscillations in the probability show that the eigenstates of the Hamiltonian are no longer coherent states.
Finally, for the entangling gate the system initialized to the product state |C + α0 ⊗ |C + α0 . Figure S5(c) shows the time evolution of the probability for the system to be in the entangled state |ψ e = |α 0 , α 0 + i|α 0 , −α 0 + i|−α 0 , α 0 + |−α 0 , −α 0 and the expected periodicity, π/8|E zz α 2 0 |, is observed. 
IX. FIDELITY OF A CAT STATE IN KNR WITH AND WITHOUT TWO-PHOTON DRIVE
As explained in the main text, the fidelity of a cat state decreases faster in a KNR compared to a linear one. This is illustrated in Fig. S6 which compares the time-decay of the fidelity of a cat state |C + 2 initialized in a linear resonator (solid green line) and KNR (solid black line) with single-photon loss. In order to account only for non-deterministic errors, the fidelity in the lossy KNR is defined with respect to that of a lossless KNR. The cat state can be stabilized against Kerr-induced rotation and dephasing by the application of a two-photon drive chosen such that its amplitude E p satisfies Eq. (??). This is confirmed by the time dependence of fidelity in Fig. S6 (solid red line) . As explained above, in a two-photon driven Kerr-resonator, a single-photon loss will only cause random jumps between the cat state |C ± α i.e., there is no energy relaxation, resulting in higher state fidelity than a linear cavity.
